The paper deals with modelling of acoustic waves which propagate in inviscid fluids interacting with perforated elastic plates. The plate can be replaced by an interface on which transmission conditions are derived by homogenization of a problem describing vibroacoustic fluid-structure interactions in a transmission layer in which the plate is embedded. The Reissner-Mindlin theory of plates is adopted for periodic perforations designed by arbitrary cylindrical holes with axes orthogonal to the plate midplane. The homogenized model of the vibroacoustic transmission is obtained using the two-scale asymptotic analysis with respect to the layer thickness which is proportional to the plate thickness and to the perforation period. The nonlocal, implicit transmission conditions involve a jump in the acoustic potential and its normal one-side derivatives across the interface which represents the plate with a given thickness. The homogenized model was implemented using the finite element method and validated using direct numerical simulations of the non-homogenized problem. Numerical illustrations of the vibroacoustic transmission are presented.
Introduction
The noise and vibration reduction belongs to important issues in design of structures used in the automotive industry, or civil engineering. The engine silencer used to reduce the noise emitted by the exhaust gas presents an important and well known example. However, there are many similar solid structures which can influence the acoustic wave propagation in fluid. Usually they involve porous, or perforated plates, or panels, such that they are permeable for the gas flow. The straightforward approach to modelling the acoustic wave propagation through vibrating perforated plates consists in solving directly the vibroacoustic problem with a 3D elastic structure describing the plate. However, its numerical treatment using the finite element method can lead to an intractable problem because of the prohibitive number of DOFs corresponding to the geometric complexity of the perforated structure. Therefore, it is reasonable to replace the elastic plate by an interface on which coupling transmission conditions are prescribed.
In this paper, we consider the acoustic wave propagation in an inviscid fluid interacting with elastic structures designed as periodically perforated plates. The aim is to derive non-local vibro-acoustic transmission conditions using the periodic homogenization method. Although similar problems have been treated in the literature, cf. [6] , in this context, the plate elasticity has not been considered yet. As for the rigid structures, semi-empirical formulae for the acoustic impedance exist which were tuned by experiments, or developed using the electro-acoustic equivalent circuit theory [8, 19, 20] , or the Helmholtz-Kirchhoff integral theory [23] . During the last decade, a number of works appeared which are based on a homogenization strategy. For a thin rigid perforated plate represented by interface Γ 0 and characterized by the thickness ≈ δ it has been shown in [1, 6] that this interface is totally transparent for the acoustic field at the zero order δ 0 terms of the model which describes the limit behaviour for δ → 0, cf. [7] . For a higher order approximation, an approach based on the so-called inner and outer asymptotic expansions has been developed, such that two associated acoustic fields are coupled, one being relevant in the proximity of the perforations, the other at a distance from the limit interface, see e.g. [5, 10, 11] . In contrast with [1] dealing with thin perforated interfaces only, in [14] we were concerned with homogenization of a fictitious layer in which rigid periodically distributed obstacles were placed. In particular, a rigid plate perforated by arbitrary shaped pores could be considered. Therein nonlocal transmission conditions were obtained as the two-scale homogenization limit of a standard acoustic problem imposed in the layer.
Here we follow the approach reported in [14] to develop vibroacoustic transmission conditions which substitute the vibroacoustic interaction on an elastic perforated plate immersed in the acoustic fluid. Up to our knowledge, despite some numerical studies, see e.g. . [21] , a rigorous treatment of such a problem has not been treated using the homogenization method so far. As the result we obtain vibroacoustic transmission conditions in a form of an implicit Dirichlet-to-Neumann operator. Due to this operator, the elastic perforated plate can be replaced by an interface on which a jump of the global acoustic pressure is linked to the acoustic momenta associated with two faces of the homogenized plate. It allows us to obtain an efficient numerical model which takes into account geometrical details of the periodic perforation without need of discretizing the vibroacoustic problem at the global level. In other words, the homogenized interface provides a reduced model in which a complex 3D elastic structure is replaced by a 2D perforated plate model whose coefficients retain information about the perforation geometry. To do so, we rely on the homogenized Reissner-Mindlin plate tailor-made for the "simple" perforation represented by general cylindrical holes with axes orthogonal to the mid-plane of the plate. Elastic strongly heterogeneous plates were treated in [17, 18] where the framework of the Reissner-Mindlin theory was used to derive a model of phononic plates, cf. [13] , but without the interaction with an exterior acoustic field.
The proposed modelling conception based on the problem decomposition and using the homogenization provides an alternative framework for modelling of microporous panels which are known for their capabilities of acoustic attenuation [22, 23, 9] . In [12] the so-called patch transfer functions were developed for numerical modelling of compliant micro-perforated panels.
The plan of the paper is as follows. In Section 2 the vibroacoustic problem of the wave propagation in a waveguide containing the perforated plate is decomposed into the problem in a fictitious transmission layer (the "inlayer" problem) and the "outer" problem governing the acoustic field out of the layer. The "in-layer" vibroacoustic problem is treated using the homogenization method in Section 3, where the local problems imposed in the representative periodic cell are introduced and formulae for the homogenized coefficients are given. In Section 4, as the main result of this paper, the global acoustic problem is established using the limit "in-layer" and the "outer" problems which are coupled using additional conditions derived by an additional integration and averaging procedure. The limit two-scale model of the homogenized layer is validated in Section 5 using direct numerical simulations of the original problem. Finally, in Section 6, the proposed model is employed to simulate wave propagation in a waveguide equipped with the perforated plate. Some technical auxiliary derivations are presented in the Appendix.
Notation.. In the paper, the mathematical models are formulated in a Cartesian coordinate system R(O; e 1 , e 2 , e 3 ) where O is the origin of the space and (e 1 , e 2 , e 3 ) is a orthonormal basis for this space. The spatial position x in the medium is specified through the coordinates (x 1 , x 2 , x 3 ) with re- spect to a Cartesian reference frame R. The boldface notation for vectors, a = (a i ), and for tensors, b = (b ij ), is used. The gradient and divergence operators applied to a vector a are denoted by ∇a and ∇ · a, respectively. By ∇ S u we denote the symmetrized gradient ∇u, i.e. the strain tensor. When these operators have a subscript which is space variable, it is for indicating that the operator acts relatively at this space variable, for instance ∇ x = (∂ x i ). The symbol dot '·' denotes the scalar product between two vectors and the symbol colon ':' stands for scalar (inner) product of two secondorder tensors. Throughout the paper, x denotes the global ("macroscopic") coordinates, while the "local" coordinates y describe positions within the representative unit cell Y ⊂ R 3 where R is the set of real numbers. By latin subscripts i, j, k, l ∈ {1, 2, 3} we refere to vectorial/tensorial components in R 3 , whereas subscripts α, β ∈ {1, 2} are reserved for the tangential components with respect to the plate midsurface, i.e. coordinates x α of vector represented by x = (x 1 , x 2 ) = (x α ) are associated with directions (e 1 , e 2 ). Moreover, ∇ x = (∂ α ) is the "in-plane" gradient. The gradient in the so-called dilated configuration with coordinates (x , z) is denoted by∇ = (∇, 1 ε ∂ z ). We also use the jump w.r.t. the transversal coordinate,
Formulation and decomposition of the vibroacoustic transmission problem
The aim of the paper is to find a representation of the vibro-acoustic interaction on a perforated plate. For this, homogenized vibroacoustic transmission conditions are derived using the asymptotisc analysis w.r.t. a scale parameter ε which has a double role: on one hand it deals with the thickness of an elastic plate when considered as a 3D object, on the other hand it describes the size and spacing of holes periodically drilled in the plate structure.
The flowchart of deriving the transmission conditions for a limit global problem consists of the following steps:
• The vibro-acoustic problem (later called the "global problem") is formulated in a domain Ω G ⊂ R 3 in which the perforated elastic plate is embedded, being represented by a planar surface -the plate midsurface.
• A transmission layer Ω δ of the thickness δ is introduced in terms of Γ 0 which constitutes its midsurface. This will allow to decompose the global problem into two subproblems: the vibroacoustic interaction in the layer Ω δ and the outer acoustic problems in Ω G \ Ω δ . The two subproblems are coupled by natural transmission conditions on the "fictitious" interfaces Γ ± δ .
• We consider the layer thickness being proportional to the scale parameter, thus, δ = κε, where κ > 0 is fixed. The asymptotic analysis δ ≈ ε → 0 considered for the problem in Ω δ with the Neumann type boundary conditions on Γ ± δ leads to the homogenized vibroacoustic transmission problem defined on Γ 0 . In this analysis, ε has the double role announced above and the plate is described using its 2D representation in the framework of the Reissner-Mindlin plate theory. In Remark 1 we explain the dual interpretation of the plate thickness used in the asymptotic analysis of the vibro-acoustic problem.
• The final step is to derive the limit global problem for the acoustic waves in the fluid interacting with the homogenized perforated plate represented by Γ 0 . For this, with a few modifications we follow the approach used in [14] , where the rigid plate was considered; a given plate thickness h corresponds to given finite thickness δ 0 of the transmission layer. Then the continuity of the acoustic fields on interfaces Γ ± δ 0 yields the homogenized vibroacoustic transmission conditions which hold on Γ 0 .
Global problem with transmission layer
In this section, we introduce the problem of acoustic waves in a domain Ω G with embedded perforated elastic plate Σ ε , see Fig. 2 and Fig. 3 . The acoustic fluid occupies the domain Ω * ε . We consider a fictitious transimssion layer Ω δ with a thickness δ > 0, such that Σ ε ⊂ Ω δ . The plate thickness is h ε = εh, while the layer thickness δ = κε for a given fixed κ > 0. For a fixed parameter ε > 0, correspondingly to Ω * ε and Σ ε , we use a simplified notation Ω * and Σ. The acoustic harmonic wave with the frequency ω is described by the acoustic potential p : Ω * x → R 3 in the fluid, the corresponding wave in the elastic body is described by the displacement field u : Σ x → R 3 . Assuming the body is fixed to a rigid frame on the boundary ∂ u Σ and interacting with the fluid on ∂ * Σ = ∂Σ \ ∂ u Σ, these fields satisfy the following equalities:
incident, or reflected acoustic waves in the fluid:
clamped elastic structure:
Above, c is the sound speed in the acoustic fluid, σ(u) is the stress in the lienar elastic solid, ρ 0 is reference fluid density, and by n = (n i ) we denote the normal vector. The constants r, s ∈ {0, 1} andp are defined to describe incident, reflected, or absorbed acoustic waves in the fluid, according to a selected part of the boundary.
Geometry of the perforated layer
Given a bounded 2D manifold Γ 0 ⊂ {x ∈ Ω G |x 3 = 0} representing the plate mid-plane, we introduce
G , an open domain representing the transmission layer. This enables to decompose Ω G into three nonoverlapping parts, as follows:
Thus, the transmission layer is bounded by ∂Ω δ which splits into three parts:
where δ > 0 is the layer thickness and e 3 = (0, 0, 1), see Fig. 1 . In the context of the transmission layer definition, we consider the plate as a 3D domain Σ ε defined in terms of the perforated midsurface Γ ε ; the following definitions are employed:
where
where ∂ u Σ ε is the surface where the plate is clamped. The midsurface Γ ε representing the perforated plate is generated using a representative cell Ξ S ⊂ R 2 , as a periodic lattice. Let Ξ = ]0, 1 [ × ]0, 2 [, where 1 , 2 > 0 are given (usually 1 = 2 = 1) and consider the hole Ξ * ⊂ Ξ, whereas its complement Ξ S = Ξ \ Ξ * defines the solid plate segment. Then
Further we introduce the representative periodic cell Y and define its solid part S ⊂ Y ,
so that Y * = Y \ S is the fluid part. Obviously, in the transmission layer Ω δ , the fluid occupies the part where e 1 = (1, 0, 0) and e 2 = (0, 1, 0).
For completeness, by virtue of (3) we can introduce the decomposition of boundary ∂S = ∂ • S ∪ ∂ ± S ∪ ∂ # S. For this we need the boundary
generates the cylindrical boundary ∂ • S:
For the sake of simplicity, by ∂Ξ S we shall refere to ∂ • Ξ S .
Problem decomposition
The domain split allows us to decompose problem (1) into three parts. By P δ we denote the acoustic potential in Ω + δ and Ω − δ , whereas p ε is the acoustic potential in the transmission layer Ω δ , see Fig. 3 . Further, by iωg ε± we denote the acoustic fluid velocity projected into the normal of the interfaces Γ ± δ . The following subproblems are considered:
where 
interface conditions ∂p
other boundary conditions
δ is the surface of the elastic structure in contact with the fluid, thus, ∂Σ
4. For a fixed ε and δ, solutions to problems (8) and (9) are equivalent to the solution of (1), if the coupling conditions hold:
where n ± referes to normals n ± outer to domains Ω ± δ .
Plate model
The 3D model of an elastic plate involved in problem (1) can be replaced by a plate model which describes a thin structure. We assume a small ε 0 > 0 for which the limit model of acoustic transmission can be interpreted. In this paper we shall approximate behaviour of the thin elastic structure by the Reissner-Mindlin (R-M) plate model, which allows us to consider the effects related to shear stresses induced by rotations of the plate crossections w.r.t. the mid-plane.
The R-M plate model can be obtained by the asymptotic analysis of the corresponding 3D elastic structure while its thicknessh → 0. However, the obtained limit model is then interpreted in terms of a given thickness h > 0. We shall discus this point in Remark 1.
The plate is represented by its perforated mean surface Γ ε , therefore all involved variables depend on ε. However, for a while we drop the superscript ε related to these variables. The plate deflections are described by amplitude of the membrane elastic wave u = (u 1 , u 2 ), of the transverse wave u 3 and of the rotation wave θ = (θ 1 , θ 2 ). Two linear constitutive laws are involved, which depend upon the second order tensor S = (S ij ) = ςδ ij , where ς > 0 is the shear coefficient, and the fourth order elasticity tensor IE = (E ijkl ) which is given by the Hooke law adapted for the plane stress constraint; we define (all indices i, j, k, l = 1, 2)
The Reissner-Mindlin plate model is derived using the following kinematic ansatz confining the displacement w = (w , w 3 ) in a plate with the actual thickness h,
where u = (u 1 , u 2 ) is "membrane-mode" displacements, i.e. vector u = (u, u 3 ) involves also the "transversal mode" (the deflection). The vector fields (u, θ) satisfy the following equations in Γ ε ,
Above the applied forces
, f ∂ and moments m, m ∂ depend on the acoustic potential p. The crucial step in deriving the model of vibroacoustic transmission consists in describing these forces in terms of p imposed on surface ∂Σ ε in the 3D plate representation.
Remark 1.
In our asymptotic analysis of the acoustic transmission layer, we shall use the plate thickness in two contexts:
• The periodically perforated plate model defined in terms of the 2D domain Γ ε ⊂ Γ 0 representing the mid-plane and the thickness h = ε 0h with ε 0 > 0 being fixed. In fact, for a given thickness h and the perforation design (a given size of the holes yielding ε 0 ) we can obtain h.
• To describe the interaction between the 3D elastic structure and the acoustic fluid, the thickness must be proportional to ε which is also related to the transmission layer thickness δ = κε, thus, we consider h ε = εh and the elastic body occupying domain Σ ε , see (3).
Thus, the homogenization of the periodically perforated plate is done by pursuing the asymptotic analysis ε → 0 applied to the 2D plate model (13) divided by h. Whereas h is fixed in the plate equation operator, beeing independent of ε, at the r.h.s. terms we get 1/(εh) which is coherent with the dilation operation applied when dealing with fluid equation, see Section 2.7.
Variational formulation of the vibroacoustic problem in the layer
In order to derive the homogenized model of the transmission layer, we shall need the variational formulation of problem (9) with the plate model (13).
Find
In (14), the displacements w ε defined on the surface ∂Σ ε are expressed using the mid-plane kinematic fields. Due to (12) , it holds that (15) ; in this equation, the r.h.s. integrals express the virtual power
where the traction stress b ε = iωρ 0 np ε is induced by the acoustic pressure in the fluid.
Fluid structure interaction on the plate surface ∂Σ
The forces and moments involved in the r.h.s. of (15) can be identified using the 3D representation of the plate surface ∂ * Σ ε decomposed according to (3) . The actual surface traction b ε i = iωρ 0 n i p ε is given by the acoustic potential and by the surface normal n = (n i ); note that n α = 0, α = 1, 2 on ∂ ± Σ ε , whereas n 3 = 0 on ∂ • Σ ε . Hence, it can be shown that the following expressions hold:
Then we consider the fluid equation. In (14) , in the integral on ∂Σ ε , the displacement field w must be expressed in terms of the mid-plane displacements and rotations u ε and θ ε , as introduced in (16). This yields
Dilated formulation
We can now state the vibro-acoustic problem in the dilated layerΩ = Γ 0 ×] − κ/2, +κ/2[, where the fluid occupies domainΩ
, with new coordinates (x , z), the gradients are∇ = (∂ α , ε −1 ∂ z ), thus ∇p(x) =∇p(x α , z); to simplify the notation, we shall use the same notation for functions depending on x 3 , but expressed in terms of z.
By virtue of the dilation and the periodic unfolding, the vibroacoustic problem can be transformed in the domain which does not change with ε. Consequently the standard means of convergence can be used to obtain the limit model. Equation (14) with the substitution (19) can now be transformed by the dilatation (the same notation for all variables is adhered, but should be interpreted in this new context of this dilated formulation):
Further we employ (18) to rewrite (15) which is divided by h ε ; by virtue of Remark 1, the plate thickness is given, i.e. h = ε 0h , however, when dealing with the r.h.s. interaction terms, h := h ε = εh in accordance with the dilation transformation. Thus we get
It is worth noting that, in (20) and (21), the r.h.s. integrals provide a symmetry of the following formulation.
The problem formulation. The vibroacoustic interaction in the dilated layer
, whereby g 1± (x , ·) being Ξ-periodic in the second variable; we definê
For any ε > 0 andĝ ε± defined according to (22) , the vibroacoustic interaction problem constituted by equations (20)- (21) possesses a unique solution (p ε , u ε , θ ε ). As an essential step of the proof, the a priori estimates are derived in the Appendix A.1.
Homogenization of the transmission layer
In this section, we introduce the convergence result which yields the limit acoustic pressure and the plate displacements and rotations. These are involved in the limit two-scale equations of the vibroacoustic problem imposed in the transmission layer. The asymptotic analysis is based on the unfolding method which was inaugurated in the seminal paper [4] and elaborated further for thin structures in [3] . In our setting, the unfolding operator
cell average involved in all unfolding intergartion formulae will be abreviated by
whatever the domain D ⊂ Y of the the integral is (i.e. volume, or surface).
The convergence results
Based on the a priori estimates derived in the Apendix A, the following theorem holds.
then the folloving estimates can be obtained:
Due to Theorem 1 providing the estimates (24)- (26) we obtain the convergence of the unfolded functions(For the definition of the unfolding operator we refere e.g. to [4] ). First we observe (note (26) 2 ):
thus, ∂ z p 0 = 0. The classical results of the unfolding method of homogenization yield
Above
of H 1 (Y ) generated by Ξ-periodic functions (thus, the periodicity in y α holds, but not in y 3 = z), with vanishing average in Y .
For the plate responses we get
involving only Ξ-periodic functions with vanishing average in Ξ K . For the rotations we obtain
2 ). The limit vibro-acoustic problem can be derived by a formal approach which relies on the recovery sequences (w.r.t. ε) constructed in accordance with the convergence result. Neglecting the higher order terms in ε, the following approximate expansions for unfolded vibroacoustic fields (p ε , u ε , θ ε ) are considered:
where x ∈ Γ 0 , y ∈ Ξ and y = (y , z) ∈ Y ; in (31), all the two-scale functions are Ξ-periodic in the second variable. Analogous expansions involving twoscale functions periodic in y will be employed as the test functions involved in (20)- (21),
It is worth to note that the use of the recovery sequences simplifies the derivation of limit equations of the vibro-acoustic model which, however, can be obtained more rigorously using the asymptotic analysis applied directley to equations (20)- (21) . We shall substitute the ansatz (31)-(32) in unfolded equations (20)- (21) and explore the limit form for ε → 0.
Limit fluid equation
The unfolded left hand side of (20) yields the following limit form:
The unfolded right hand side integrals can be written, as follows:
In the limit, the first integral related to the dilated fictitious interfaces Γ
The second integral in (34) can be rewritten, as follows (omitting the factor −iωc 2 )
where only q 1 (x , y ,hζ) depends on ζ ∈]−1/2, +1/2[. Hence, since 1/2 −1/2 ζ = 0, in the limit, the second integral in (34) yields
Now the limit fluid equation constituted using (33)(35) and (37) attains the following form:
Limit plate equation
The unfolded left hand side of (21) yields the following limit form:
The unfolded right hand side integrals can be written in analogy with the ones involved in the fluid equation, see (36). Since the role of the solution and the test function switches, the unfolded form of (21) yields
which, in the limit, yields an analogous expression as the one of (37). Thus, the limit of the plate equation (21) is constituted by (39) which equals to
Remark 2. Integrals over the plate surface involving q 1 and p 1 in (37) and (41), respectively, can be written in a more compact form; for any two-scale function ϕ(x , y , ζ) it holds that
Local problems in Y *
When testing the limit equation (38) with q 1 = 0 while q 0 = 0, the local problem in the fluid part is obtained which reveals linear dependence of p 1 on the "macroscopic" functions u 0 , p 0 and g 0 . Therefore, we can introduce the following split:
where y = (y , z) ∈ Y * , and introduce the following 3 autonomous problems for
3.5. Local problems on Ξ S We consider the limit equation governing the plate response; its left and right hand sides are constituted by (39) and (41)
Due to the linearity of (45), the following split of the two-scale functions can be introduced
1 and θ 1 due to the similar structure of (45) 1 and (45) 2 . The following three local autonomous problems have to be solved,
Homogenized equations associated with the fluid
The macroscopic equation governing the acoustic potential p 0 distributed on the homogenized interface Γ 0 is obtained upon testing (20) with q 0 = 0 while q 1 = 0, which yields
where ∆g 1 was introduced in (38). By virtue of the multiplicative splits (43) and (46), the integrals over Y * , Ξ S and ∂Ξ S involving the two-scale functions can be expressed in terms of the macroscopic variables and using the homogenized coefficients
The alternative expression of P α k by π α is obtained due to the local problems (44).
Finally we can obtain the following extended equations of the acoustic transmission satisfied by (p 0 , g
for all q 0 ∈ H 1 (Γ 0 ), where ζ * = |Y * |/|Ξ|.
Homogenized equations associated with the plate
In the limit equation governing the plate response, see (39) and (41), we apply the macroscopic test functions v 0 , ψ 0 , whereas we put v 1 = 0 and ϑ 1 = 0. Thus we obtain
Upon substituting (u 1 , θ 1 ) and p 1 by the splits (46)-(48) and (43), the effective model parameters can be introduced. Symmetric expressions for the two elasticity tensors are derived using the local problems (49)-(50),
Due to the presence of p 0 in the expression of u 1 , see (46), a pressure-coupling term appears which involves coefficient H introduced in (53),
where the identity follows upon substituting the test functions in (49) and (51) by χ * and χ αβ , respectively. In the r.h.s. integrals of (55), the following coefficients C = (C k ) and
so that T is symmetric. Using the homogenized coefficients, the macroscopic (homogenized) plate equation (55) can be rewritten:
for all (v , ϑ) ∈ (H 1 0 (Γ 0 )) 5 . Above ρ S is the effective plate density, ρ S = |Ξ| −1 Ξ S ρ.
Global problem with vibroacoustic transmission conditions
We recall the problem decomposition according to (8) , (9) and conditions (10) . The problem (9) describing the vibro-acoustic response in the layer has been homogenized, yielding equations (70) and (71). Our further effort will focus on the coupling the acoustic field in the layer with the surrounding environment. We consider dilated domainsΩ ± , such that Γ 0 is their common boundary, i.e. ∂Ω + ∩ ∂Ω + = Γ 0 . ByP we denote the dilated solutions in domainsΩ ± , the traces ofP on Γ 0 are denoted byP ± ; obviouslyP + = trace Γ 0 (P |Ω + ) andP − = trace Γ 0 (P |Ω − ).
Coupling of the layer with external acoustic fields
In this section, we use the convergence result concerning the acoustic potential p ε , namely (28), and consider coupling of the acoustic fields "inside" the layer with the ones "outside" the layer. In particular, below we introduce a coupling equation (60) which is associated with the limit equations in the homogenized layer and provide the transmission conditions for the global problem.
We recall the condition P δ =p ε on Γ ± δ defined in (8) which is now treated in a weak sense. The jump of the exterior field across the layer with finite δ > 0 is expressed, as follows,
where we assume ψ = ψ(x ), x ∈ Γ 0 , where by˜we denote an extension of p εδ to the whole Ω δ We may apply the dilation transformation; letP δ+ is defined on Γ 0 , such thatP δ+ (x , 0) = P δ (x , δ/2) and, in analogy, we introduceP δ− , consequently (60) can be written,
With reference to Remark 1, we now consider a finite layer thickness δ 0 = κε 0 > 0 in the l.h.s. expression of (61), whereas we pass to the limit on the r.h.s. ; this yields the following approximation
We substitute the split form of p 1 in (62) which yields new positive coefficient F > 0 and two other coefficients B , C :
where the equalities B = B and C = C are obtained due to the local microscopic problems (44). Now the limit coupling condition (62) can be written in terms of the homogenized coefficients F, C and B
Due to the above mentioned symmetry, in (64), coefficients B and C can be replaced symply by B and C , which reveals the symmetry of the system of equations (54), (59) 
such that ϕ(x , z) = ϕ(x ) for x ∈ Γ 0 . Due to the convergence result (27) 1 and due to the construction ofP δ , in the limit ε → 0 we get
Recalling the finite thickness δ 0 , this equation can be interpretted forP
, as in the case of the coupling condition (62). By virtue of the r.h.s. integral in (64), for a later use we introduce ∆P , so that due to (66) p 0 is expressed, as follows,
4.2. Vibro-acoustic problem in the homogenized layer We shall summarize the limit equations of the homogenized transmission layer problem arising from the problem constituted by equations (20)- (21) and with the imposed acoustic momentum fluxesĝ ε± given in the form (22) . As announced in the introduction, the homogenized Reissner-Mindlin plate model is valid for "simple" perforations generated by cylindrical holes ∂ • Σ defined according to (3) , being generated by surface ∂ • S, see (7) . This leads to various simplifications which have already been respected when deriving the homogenized model. Moreover, from the microscopic problems (44), due to Remark 2, the following cancellations can be deduced due to the special geometry, in particular
where the last identity has allready been observed in [14] , dealing with rigid plates.
Remark 3. For rigid plates, the plate deflections and rotations disappear. Thus, equation (59) is irrelevant and, hence, coefficients P and C and H are not involved in (64) and (54). However, quite general types of perforations can be considered for which coefficients B α do not vanish.
To rewrite the resulting equations in a more convenient form, we introduce the inner product notation:
By virtue of the r.h.s. integral in (54), we shall use
where ∆g 1 = g 1+ − g 1− has been introduced above. Assume for a while that ∆P and ∆G 1 are given on Γ 0 . Then, since B α = 0, the model constituted by (54),(59) and (64) would yield two separate problems which are described in the next two sections. Also we recall the relationship between the plate thickness h and the perforation size ε 0 , h = ε 0h , whereby δ 0 = ε 0 κ determines the actual transmission layer thickness.
Tangential acoustic wave coupled with in-plane plate vibration
The first subproblem arising from (59) and (54) is independent of the jump ∆P . As explained below, it couples in-plane plate vibrations described by u 0 with surface acoustic waves propagating in the fluid in the tangential direction w.r.t. the plate, thus, being described by the acoustic potential p 0 . To obtain a symmetric system, we multiply (59) by factorh/ρ 0 and consider v 3 = 0 and ϑ α = 0. The fluid equation (54) is multiplied by 1/c 2 . The following separate problem can be distinguished:
Plate deflection coupled with transversal acoustic momentum
The second subproblem governs the transversal plate vibrations described by the couple (u 0 3 , θ 0 ) with the transversal acoustic momentum g 0 of the fluid in response to a given jump ∆P , whereas ∆G 1 is not involved. We consider v α = 0 and α = 1, 2 in (59) which again is multiplied by factorh/ρ 0 . The resulting equation is coupled with (64) multiplied by iω, so that the following separate problem can be distinguished:
Rigid plate with general shape of perforations
Assuming arbitrary shaped pores perforating the plate allowing for a more general geometry of the fluid cell Y * and leading to a nonsymmetry of the response ξ, see [14] , (54) is coupled with (64). For a given ∆P ∈ L 2 (Γ 0 ) and
. Thus, both ∆P and ∆G 1 are involved.
Dirichlet-to-Neumann (DtN) operator and the transmission conditions
For a given ε 0 > 0, by virtue of the approaximation introduced above, let us consider a problem arizing from (8) for δ → 0. The interface condition is now replaced by
where ∂p ∂n = n · ∇p denotes the normal derivative of p on Γ 0 ; note that n + = −n − is outward toΩ + . Therefore, we introduce the averaged momentum fluxesĜ ± 0 defined by averaging the unfolded expressions (22) over the period Ξ, so that
Hence
where ∆G 1 was defined in (69) with ∆g 1 = g 1,+ − g 1,− . Moreover, if we assume that G 1+ = −G 1− , then equality holds in (75) 1 for any ε 0
Now for a while, we may consider the following problem: For givenp,Ĝ + 0
interface condition:
outer boundary conditions
see problem (8) concerning constants r and s involved in the boundary conditions on ∂ ext Ω G . Problem (76) arizes from (8) for δ → 0, however, the Dirichlet type interface conditions are now replaced by the Neumann ones represented by (73) with (74).
Problem (76), as well as problems (70) and (71) directly by (75), ∆P and p 0 are related to tracesP ± by (67). The problems (70) and (71), and the conditions (67) and (75) present an implicit form of the Dirichlet-to-Neumann operator (DtN) associated with the "outer" acoustic problem defined forP inΩ ± .
Global acoustic problem with homogenized perforated plate
In order to write the weak formulation of problem (76) with the DtN mapping introduced above, we shall employ the following bilinear forms involving the homogenized coefficients introduced in the preceding sections,
Above the bilinear forms F, C, N and M are related to the inertia and fluidstructure interaction effects, while S and E are related to the plate stiffness. The global acoustic fieldP ∈ H 1 (Ω + ∪Ω + ) satisfies
2 is represented by the following equalities arizing from (70) and (71) where we employ (67) and (75), so that we have
There is the coupling equation:
Now we can state the main result of the paper.
Global acoustic problem with the homogenized perforated plate. Given the incident acoustic wave represented byp on Γ in , find the acoustic potentialP defined inΩ G =Ω + ∪Ω − and other functions (p 0 ,Ĝ ± 0 , u, θ) defined on Γ 0 such that the variational equalities (78)-(81) hold.
Remark 4.
It is left as an easy excersie for raders that, if a rigid plate is considered, the model reduces. From (72), insetad of (79) and (80), the DtN operator is established in terms ofP ± and (p 0 ,Ĝ ± 0 ) which satisfy the following variational equalities,
, whereby (67) holds. Note that K R is defined according to (77), but with K = 0, whereby B vanishes for simple perforations.
Validation of the homogenized model
The homogenized model derived in this paper provides an approximation of the vibroacoustic interaction in a vicinity of the perforated plate. This approximation is introduced as the limit behaviour of the wave propagation in the heterogeneous structure when the transmission layer thickness and the characteristic size of the perforations diminish with ε → 0. However, by virtue of coupling the limit layer model (54) and (59) with the "outer" acoustic problem, the Global problem described in Section 4 is featured by the specific scale parameter ε 0 associated with a given plate thickness and the perforation size. In this section, we examine how numerical responses of the proposed homogenized vibroacoustic model corresponds with solutions of the "original" problem (1) associated with the 3D heterogeneous solid structure representing the plate.
To this aim, the reference model is established as the finite element (FE) approximation of problem introduced in Section 2. For this model, the heterogeneous structure of the transmission layer is built up as the periodic lattice by copies of the reference periodic cell according to (3)- (4) . The geometries associated with the homogenized and the reference models are illustrated in Fig. 5 , where the unit cell Y * represents the fluid domain. By virtue of the asymptotic homogenization, the layer presenting a "fictitious" interface, highlighted by red and blue colors in Fig 5(left) , is replaced by homogenized transmission conditions imposed on the interface Γ 0 in the multiscale simulation, see Fig 5(right) .
The validation of the homogenized model (78)-(81) is performed in two steps. First, we compare the acoustic fields computed by the reference and the homogenized models, whereby the perforated plate is assumed to be rigid, see Remark 4. Secondly we compare the responses of the homogenized vibrating plate with the deflections obtained by direct numerical simulations (DNS) of the heterogeneous 3D elastic structure. In this case, the plate surface is loaded by a given acoustic pressure distribution, thus, the vibroacoustic problem is decoupled. The reason for such a simplification arises as the consequence of the FE mesh complexity increasing with the number of the perforating holes, thus, inducing a discretized problem with large number of the degrees of freedom (DOFs).
For the purpose of this validation test, we consider the waveguide Ω represented by the "S"-shaped slice of thickness ε 0 m, as measured in the x 2 -axis direction, see Fig. 4 , where the slice dimensions are indicated. The waveguide is symmetric w.r.t. the center of the perforated plate structure which splits the acoustic domain into two mutually symmetric parts. The thickness of the perforated plate is 0.12ε 0 m, where ε 0 = 0.3/N varies with N , the number of the perforation periods (holes) drawn in the x 1 -axis direction.
The homogenized models and the reference model presented in this paper have been implemented in SfePy -Simple Finite Elements in Python [2] , a software developed for an efficient solving of multiscale problems by means of the finite element method. In the validation tests and the coupled problem simulation, by the "multiscale simulations" we mean solutions of the homogenized (macroscopic) problem supplemented by the reconstruction procedure which allows us to respect the local fluctuations superimposed to the solutions of the macroscopic problem when the scale parameter ε 0 is given.
Validation test -acoustic field in fluid
In this test, the perforated plate is rigid, so that the distribution of the reference acoustic pressure field is governed by equations (1) modified for the rigid plate, i.e. u = 0 in Σ. Accordingly, the homogenized layer presents the coupling conditions (82) for the acoustic field in the wave guide which is governed by (78). Recall that the homogenized coefficients A, B, F are given by expressions (53), (63) involving solutions of the local problems (44) defined in Y * . For both the homogenized and the reference models an incident wave with amplitudep = 300 Pa is imposed on Γ in , whereby the anechoic condition on Γ out is considered. The periodic conditions are prescribed on the two faces orthogonal to the x 2 -axis direction (front and back faces of the waveguide) for the geometry depicted in Fig. 4 .
Responses of the reference and the homogenized models are compared using the global acoustic properties expressed by the transmission loss (TL), and by the local distributions of the acoustic pressure. These responses were computed for the fluid characterized by the acoustic speed c = 343 m/s, the density ρ 0 = 1.2 kg m 3 . The TL curves obtained for both the models are compared in Fig. 6 . Perforations with cylindrical holes were examined for two radii r. Results for r = 0.1ε 0 m are depicted in Fig. 6 (a) and for r = 0.4ε 0 m in Fig. 6(b) . From these graphs it is apparent that the result differ only in the vicinity of wave numbers yielding the TL peaks; in those regions associated with higher wave numbers also the shift of the peak positions can be observed. However, this effect can be caused by different FE discretizations of both the models. The difference of the two TL curves is displayed in Fig. 6(c) for the two dimensions of the holes. The calculations are performed for an interval of the wave number k ∈ [5, 35] and for ε 0 = 0.0125 which corresponds to N = 24.
We also examined responses of the two models in terms of the acoustic fields fluctuations in the wave guide near to and far from the perforated plate. For this, the acoustic pressure distributions were traced along lines l 1 and l 2 , see Fig. 7 (top). Line l 2 has a fixed place outside the fictitious layer while l 1 lies in the layer, so that its position depends on ε 0 . We perform a series of calculations for perforations with holes of radii r = 0.1ε 0 and wave number k = 28, whereby ε 0 = 0.3/N varies for N = 12, 24, 48, 72, 96. The real parts of the acoustic pressure fields are compared in Fig. 7 , distributions of the imaginary parts are similar as the real parts. The pressure field p HOM is reconstructed using the results of the multiscale simulation and the expressions introduced in Appendix A.2. We define the relative pressure error associated with a given line l as p err := p
l is the L 2 (l)-norm which is well defined due to the conforming FE approximation of p. This error is illustrated in Fig. 8 for the increasing number of perforations N . It can be seen that p err on both lines l 1 and l 2 is quite high, above 16%, for N = 12, however, with growing N the error decreases down to ≈ 1% for N = 96. The relative pressure error distribution in the whole domain Ω is shown for N = 24 in Fig. 9 (right) , the left figure shows the distribution of the pressure p REF .
Validation test -compliant perforated plate
The second part of the validation test concerns the homogenized model of a perforated plate of the Reissner-Mindlin type. The aim is to compare responses of the homogenized plate model with the ones of the associated 3D elastic structure with the geometry depicted in Fig. 10 . This structure representing the plate is loaded on its top surface Γ top by a prescribed complex loading traction stress, see Fig. 11 , which mimics the action of the acoustic pressure, so that the loading traction is applied in the out-of-plane direction, axis x 3 . The perforated plate is fixed at its both ends: u = 0 on Γ lef t and Γ right , and the periodic boundary conditions are applied in the x 2 -axis direction, as it is considered in the acoustic problem above. The equivalent boundary conditions and loading function are used in the homogenized model, where the 3D structure is represented by the plate model described as a 2D structure, see Fig. 10 . The material properties of the plate are given by the Young modulus E = 70 GPa, the Poisson ration ν = 0.35, and by the density ρ = 2700 kg m 3 . The plate deflections are computed for the two models, i.e. using the DNS of the 3D structure and using the multiscale simulations of the plate. The responses are compared for a fixed wave number k = 28, where ε 0 = 0.3/24, and for r = 0.1ε 0 m and r = 0.4ε 0 m. As seen in Fig. 12 , the difference of the results is less than 5%, even for the relatively small number of perforations N = 24. The values are plotted along linel which is parallel to axis x 1 , as shown in Fig. 10 left.
The effect of the plate compliance is illustrated in Fig. 13 , where we compare the values computed for the rigid and compliant perforated interfaces. The relative difference of the values is defined as TL dif f = |TL rigid − TL compl |/TL rigid . The influence of the plate compliance on the transmission loss in the waveguide is sensitive on frequency intervals, nevertheless this phenomenon will deserve a further study.
Coupled numerical simulation
The purpose of this part is to illustrate, how the homogenized vibroacoustic transmission model derived in this paper can be used for numerical simulations. acoustic waves using the two-scale in this paper. To this aim we consider an analogous problem as the one specified in Section 5.1, whereby the mathematical model given by the coupled equations (78)-(81). The geometry of the waveguide Ω G is depicted in Fig. 14(top) . The boundary conditions at the inlet and outlet parts of the domain boundary, Γ in and Γ out , are defined as in the validation test reported in Section 5.1. On the rest of the boundary ∂(Ω + ∪Ω − ) represents the rigid wall, thus, for the acoustic pressure field the zero Neumann condition applies. The plate represented by interface Γ 0 is anchored in the waveguide walls, so that quantities u = 0 and θ = 0 on ∂Γ 0 . Also the same acoustic fluid and the same elastic solid are considered, as in the validation tests. The heterogeneous structure -the plate perforationsare specified by the circular holes with r = 0.1ε 0 m, whereby ε 0 = 0.0025, which corresponds to the number N = 120 of holes (counted along the longer side of the plate). The computed macroscopic responses are shown in Fig. 14 which depicts the acoustic pressure fieldP inΩ + ∪Ω − and the distributions of the following quantities defined in the interface Γ 0 : the "in-layer" pressure p 0 , the plate deflection u 3 and the plate rotations θ = (θ 1 , θ 2 ).
Conclusion
In this paper, we derive transmission conditions which serve for coupling acoustic fluid pressure fields on an interface which represents a compliant perforated elastic plate. For this, we consider a fictitious layer which embeds the elastic plate with periodic perforation, such that the perforation period is proportional to the layer and plate thicknesses. To derive the transmission conditions, the layer is decoupled form the "outer" acoustic field which is respected by introducing Neumann fluxes (the acoustic momentum). The layer is then treated by the asymptotic analysis based on the periodic unfolding homogenization method. As the result, the layer reduces to the 2D planar manifold Γ 0 where the homogenized model presents a coupled system of PDEs governing the "in-layer" variables: the mean pressure field and the plate deflection and rotations. Further averaging procedure based on a weighted integration in the transversal direction w.r.t. the layer mid-plane yields additional relationships which enable us to couple the "outer" acoustic field with the "in-layer" variables. In this way, the Dirichlet-to-Neumann operator is constructed which couples traces of the "outer" acoustic pressure with its normal-projected derivatives on both sides of the interface.
The numerical examples reported here illustrate the validation tests which have been performed to explore the modelling errors associated with the homogenization and the "3D-to-2D" dimension reduction of the layer which is replaced by the interface coupling conditions. We used the circular shape of holes, however, arbitrary shaped cylindrical holes can be considered. The validation tests were based on the comparison of responses computed using the homogenized models with the corresponding responses of reference model, here presented by direct numerical simulations (DNS) of the nonhomogenized vibroacoustic problem. In these test, the convergence ε → 0 was examined by increasing the number of the periods with proportionally smaller holes. It has been demonstrated that for a sufficiently small ε 0 , justifying the scale separation, numerical results obtained using the homogenized vibroacoustic model are quite close to the corresponding results of the DNS. This observation underlines the main advantage of the homogenized model: it provides very good approximation of the reference solution, but at a considerably lower computational cost than the DNS solution. To illustrate the computational effort reduction, in the presented examples, the piecewise linear FE approximation of the homogenized problem has only about 2 × 10 4 degrees of freedom (DOFs) at the macroscopic level, whereas the microscopic subproblems are solved each with about 1.5 × 10 4 DOFs to get the homogenized coefficients. To compute relevant results even for much simpler geometry employed in the validation test, the DNS requires more than 2×10
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DOFs for the approximation of the acoustic field in the layer and about the similar number of DOFs for the compliant elastic structure.
Among the topics of the future research, the homogenization-based modelling of the compliant plate with arbitrarily shaped periodic perforations presents one of the most interesting issues since such structures provide significantly bigger potential to modify the vibroacoustic transmission. First steps towards optimal design of perforated plates in the acoustic transmission problems were reported in [15, 16] .
vanish upon the summation of the two equalities. Using the asumption on the elastic constants IE ε , S ε = ς ε I , there exist constants c I E and c ς (independent of ε), such that we get h Now, we can now estimate the last r.h.s. integral in (84),
where all the positive constants C, C C Y are independent of ε. Due to the assumed form of the fluxesĝ ε± given by (22) and assuming the bounded solution (p ε , u ε , θ ε ) in the L 2 norms, (84) with (88) yields the desired estimates on the gradients of the solution, see the Theorem 1.
